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Abstract 



For each Drinfeld-Sokolov integrable hierarchy associated to affine Kac-Moody 
algebra, we obtain a uniform construction of tau function by using tau-symmetric 
l/^ \ Hamiltonian densities, moreover, we represent its Virasoro symmetries as lin- 

^H ' ear/nonlinear actions on the tau function. The relations between the tau func- 

tion constructed in this paper and those defined for particular cases of Drinfeld- 
Sokolov hierarchies in the literature are clarified. We also show that, whenever 
the affine Kac-Moody algebra is simply-laced or twisted, the tau functions of 
the Drinfeld-Sokolov hierarchy coincide with the solutions of the corresponding 
f^ , Kac-Wakimoto hierarchy from the principal vertex operator realization of the 

lO ' affine algebra. 
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1 Introduction 

For every affine Kac- Moody algebra g with an arbitrary vertex of its Dynkin diagram 
marked, Drinfeld and Sokolov |1] constructed a hierarchy of integrable systems that 
generalize the celebrated Korteweg-de Vries (KdV) equation. These integrable hierar- 
chies have very important applications in various areas of mathematical physics like 
2 D topological field theory and Gromov-Witten invariants [3l|5l[71|9l[inilIIll26l|36]. 
For instance, the partition function of a topological minimal model of ADE type is 
given by the logarithm of tau function of the Drinfeld-Sokolov hierarchy associated 
to the corresponding simply-laced affine Kac-Moody algebra. Such a tau function is 
selected by the string equation, or equivalently, it must have trivial evolution along 
the flow generated by the Virasoro symmetry of level —1. In this paper we study tau 
functions of Drinfeld-Sokolov hierarchies and their Virasoro symmetries. 

In literature there are mainly two methods to define tau functions for Drinfeld- 
Sokolov hierarchies (or their generalizations [E]). One of them is based on certain 
integrable highest weight representation of the affine Kac-Moody algebra g, see [1^1 
[211 EO]- In this way, Drinfeld-Sokolov hierarchies are closely related to the systems of 
Hirota bilinear equations constructed by Date, Jimbo, Kashiwara and Miwa [21 122] , 
and by Kac and Wakimoto [23l |2l], meanwhile the tau functions are identified with 
elements of the orbit space of the highest weight vector acted by the affine Lie group. 
A shortcoming of this method is that, it relies on the representation theory of g, and 
usually involves some dressing operators, given implicitly in a sense, of the hierarchies 
written in zero- curvature form. 

The other method is to define tau function via a family of appropriate densities of 
Hamiltonians that are called to be tau-symmetric in [7j. Such Hamiltonian densities 
correspond to some special two-point correlation functions whenever the logarithm of 
the tau function gives a partition function in topological field theory. This method, 
which does not depend on the representation theory of Lie algebras, works well for 



the Drinfeld-Sokolov hierarchies associated to affine algebras An . For example, the 
Ai -type hierarchy is equivalent to the KdV hierarchy: 

— = [iL^/'U,L], jezf'', (1.1) 

where L = D^ + u with D = d/dx and u being a function of the spatial variable x and 
time variables tj. The hierarchy fll.ip has the following Hamiltonian representation 

^ = {u{x),H,}, (1.2) 

in which the Poisson bracket reads 

{u{x) , u{y)} = 2u{x)6'{x — y) + u{x)S{x — y) + -S"'{x — y) 
and the Hamiltonian functionals are 

The densities hj satisfy the tau-symmetry condition 
hence they define locally a tau function r by 



dxdt. 2 ^' 



'-h„ jEZl^^. (1.4) 

j 



In a similar way, we pushed forward the construction of tau function to all Dn - 
hierarchies, see p9] and Example 15.31 below. 

For an arbitrary Drinfeld-Sokolov hierarchy, however, it was unknown how to 
choose such tau-symmetric Hamiltonian densities. The original motivation of this 
paper is to resolve this problem universally, rather than in a case-by-case way. Our 
first main result is a uniform construction of tau function for each Drinfeld-Sokolov 
hierarchy by 

dHogr_ (A, Iff) 

dxdt, - (A,|A_,)' ^^''^- ^'-'^ 

Here H is certain generating function of Hamiltonian densities of the hierarchy, tj 
are the time variables corresponding to the generators A^ of the principal Heisenberg 
algebra of q, for which E+ is the set of positive exponents and ( ■ | ■) is a nondegenerate 
invariant bilinear form, see Section |3] for details. It will be seen that our construction 
is consistent with the definition of tau function via Hamiltonian densities for each 
hierarchy of type An or Dn ■ 



We continue to consider symmetries for Drinfeld-Sokolov hierarchies. As the most 
simple case, the KdV hierarchy is known to possess an infinite set of so-called addi- 
tional symmetries. These symmetries commute with each fiow in the hierarchy (11. ip . 
but do not commute among themselves. Instead, they obey a Virasoro commutation 
relation; that is why such additional symmetries are also called Virasoro symmetries. 
More precisely, the Virasoro symmetries for the KdV hierarchy are generated by the 
infinitesimal transformations 133] of tau function as 



r I— 7- r = r + eL^r, k > —1, (1.6) 

where e is a small parameter, and the generators Lk satisfy 

[Lk,Li\ = {k-l)Lk+i, k,l>-l. 

In particular, the first two generators L_i and Lq correspond to the Galilean and the 
scaling transformations respectively. The string equation is 

I^L-..; (1.7) 

it induces a series of constraints to r that plays an important role in topological field 
theory and matrix models. Virasoro symmetries for Drinfeld-Sokolov hierarchy of type 
An or Dii can be constructed by using pseudo-differential operator skills, and they 
are written as linear actions on tau function like (II. 6p . see [38] for the cases Dn ■ 
When the affine Kac-Moody algebra g is simply-laced, similar description of Virasoro 
symmetries can be found in [20] , where the method of representation theory of g was 
used. 

As far as we know, there are no analogous characterizations of Virasoro symmetries 
via tau function for arbitrary Drinfeld-Sokolov hierarchies. The reason is probably the 
lack of an appropriate definition of tau function of them before. As the tau function 
is defined in (II. 5p . we obtain another main result of this paper. 

Theorem 1.1 Given an arbitrary affine Kac-Moody algebra g, the associated Drinfeld- 
Sokolov hierarchy possesses Virasoro symmetries generated by the following infinites- 
imal transformations on tau function: 

r^f = T + e{Vkr + TOk), k > -1, (1.8) 

where Vk are Virasoro operators independent ofr, and Ok are differential polynomials 
in second-order derivatives of logr with respect to the time variables. Moreover, 
Ok = for all k > —1 if g is simply-laced or twisted, while 0_i = Oq = if g 
is of type B, C, F or G. 

This theorem provides a unified description of Virasoro symmetries for all Drinfeld- 
Sokolov hierarchies. Firstly, if the affine Kac-Moody algebra g is simply-laced, the 
triviality of Ok shows the linearization of the Virasoro symmetries. This agrees with 
previous investigations in [331 [201 [38] ; for example, Vk = Lk whenever g is of type A\ . 



The linearization of Virasoro symmetries serves as an essential axiom in Dubrovin 
and Zhang's topological reconstruction of bi-Hamiltonian integrable hierarchy start- 
ing from a semisimple Frobenius manifold [7]. Hence we prove, together with [6], 
the agreement between the Drinfeld-Sokolov hierarchies of simply-laced type and the 
hierarchies constructed with the method in [T] associated to semisimple Frobenius 
manifold for ADE-type simple singularities. 

Secondly, in case q is of non-ADE type, the functions Ok with k > 1 may not 
vanish. Namely, the Virasoro symmetries for Drinfeld-Sokolov hierarchies of non- 
ADE type may not be linearizable. This claim is checked for some simple cases, but 
is still open in general. So far as we know, such kind of non-linearizable Virasoro 
symmetries acting on tau function did not appear in the literature before. 

Although Drinfeld-Sokolov hierarchies associated to twisted afiine Kac-Moody al- 
gebras contain important examples such like the Sawada-Kotera ^31j and the Kaup- 
Kupershmidt |2S] equations (belong to the A2 -hierarchy), they seem not have at- 
tracted much attention in general. In fact, when the afiine Kac-Moody algebra q is 
twisted, the Drinfeld-Sokolov hierarchy is Hamiltonian [3] , and probably has only one 
(local) Hamiltonian structure [28| |3T] such that it is not involved in the framework 
of [7j. What is most surprising, we now show that this hierarchy has a tau function 
defined by Hamiltonian densities, as well as linearized Virasoro symmetries. For such 
a hierarchy, it is unknown whether there is any illustration in topology analogous with 
the cases of hierarchies of simply-laced type. 

Drinfeld-Sokolov hierarchies for simply-laced afiine algebras were shown related to 
the corresponding Kac-Wakimoto hierarchies by HoUowood and Miramontes [T9], see 
formula (15.131) below. As a byproduct, in the present paper we will clarify that, if g is 
a simply-laced or twisted affine Kac-Moody algebra, then tau functions given in (II. 5p 
of the Drinfeld-Sokolov hierarchy coincide with solutions of the Kac-Wakimoto hierar- 
chy constructed from the principal vertex operator realization of q (see Theorem I4.1UI 
below). 

To achieve the above results, we arrange the contents of this paper as follows. 

In the forthcoming section, we recall Drinfeld and Sokolov's original construction 
of integrable hierarchy on a "loop algebra" , that is, the afiine Kac-Moody algebra g 
modulo the subspace spanned by the central and the scaling elements c and d. The 
hierarchy is composed of Hamiltonian equations, with Hamiltonian densities being not 
uniquely determined. 

In Section 3, we reformulate the definition of Drinfeld-Sokolov hierarchy on the 
derived algebra g' of g. The nontrivial central part helps us to fix the freedom of 
Hamiltonian densities such that they fulfill the tau-symmetry condition, hence a tau 
function can be defined as in (II. 5p . 

A Kac-Moody- Virasoro algebra consisting of g and a family of derivations on it will 
be considered in Section 4. We are to revisit the construction of Virasoro symmetries 
in [20] and extend it to all Drinfeld-Sokolov hierarchies. The Virasoro symmetries 
will be represented via tau function in a unified formula (II. Sp . and they are shown 
linearized in case g is simply-laced or twisted. 



Section 5 is a collection of examples. The first two examples show the consistence 
between the tau function in f ll.Sp and those defined in the literature for Drinfeld- 
Sokolov hierarchies of types An and Dn ■ The other examples illustrate how to 
compute Ok in (11. 8p that might give obstacle when linearizing the Virasoro symmetries. 

The last section is devoted to conclusion and discussions. We try to divide Drinfeld- 
Sokolov hierarchies into three classes according to their Hamiltonian structures and 
Virasoro symmetries, and discuss their applications. 

In order to make this paper more complete, in the appendix we will consider tau 
functions of hierarchies of modified KdV type from Drinfeld and Sokolov's construction 
|1]. To avoid lengthy expressions, we call such hierarchies the modified Drinfeld- 
Sokolov hierarchies, which are related to the Drinfeld- Sokolov hierarchies (of KdV 
type) by gauge transformations, see next section for the definition. For untwisted 
affine Lie algebras, such modified hierarchies were constructed also by Kupershmidt 
and Wilson [271 135] • Another equivalent version of these hierarchies was given by Feigin 
and Frenkel [12]; accordingly Enriquez and Frenkel [8| constructed tau functions of 
them with the help of tau-symmetric Hamiltonian densities. 

It will be seen that the right hand side of (II. 5p is invariant with respect to gauge 
transformations, hence r also serves as a tau function of the corresponding modified 
Drinfeld-Sokolov hierarchy. This tau function will be shown different from the one 
defined by Enriquez and Frenkel for modified hierarchies. As a matter of fact, in 
the modified case, these two tau functions coincide with two special cases of the 
tau function obtained by Miramontes [30] based on representation theory of q, see 
Proposition IA.4I below. To our understanding, the constructions of tau function in 
[8l[30], due to their dependence on gauge transformations, cannot be extended directly 
to Drinfeld-Sokolov hierarchies of KdV type. That is why we only compare the tau 
functions in modified cases. 

2 Definition of Drinfeld-Sokolov hierarchies 

For every affine Lie algebra, Drinfeld and Sokolov's hierarchies associated to different 
marked vertices of the Dynkin diagram are related by Miura-type transformations. 
For convenience, in this paper we only consider the case that the vertex is chosen to 
be the zeroth one, which is the special vertex added to the Dynkin diagram of the 
corresponding simple Lie algebra. 

2.1 Properties of affine Kac-Moody algebra 

Let A = {aij)Q<ij<n be a generalized Cartan matrix of affine type, and q{A) be the 
corresponding Kac-Moody algebra. Recall that 0(^4) = q'{A) © Cd, with q'{A) being 
the derived algebra, is generated by a set of Weyl generators Cj, fi, a^ {i = 0,1,2, ... , n) 
and a scaling element d. We simply write q = q{A) and g' = g'{A). The center of q' 



is spanned by the canonical central element, say, c, which satisfies 

n 

c = Y,k^al (2.1) 

Here k^ are the dual Kac labels of g', i.e., the lowest positive integers that solve the 
linear equation ^"=o ^"i^ij = 0- 

An arbitrary integer vector s = (sq, Si, . . . , Sn) € Z"^-'^, with Sj > but not all 
equal to 0, induces a gradation on g' by setting 

deg ei = - deg fi = Si, deg a( = 0. (2.2) 

The following two gradations are of particular importance [U [23] : 

(i) the homogeneous/standard gradation 

g' = g;. induced by s° = (1, 0, . . . , 0); (2.3) 

(ii) the principal/canonical gradation 

g' = d" induced by s^ = (1, 1, . . . , 1). (2.4) 

jez 

Conventions like g>g = J2i>o Si ^^^ 0'^° — Sj<o s'* ^^^^ ^^ used below. 

Let E be the set of exponents of g'. In g' there is a so-called principal Heisenberg 
algebra s, which has a basis {c, Aj G g'-' | j G E} such that 

[Ai,Aj-] = (5i,_ji-c. (2.5) 

In particular, Ai = uA for some nonzero constant u, where A = ^17=0 ^«- "^^^ element 
A induces the following decomposition of subspaces: 

g' = s + ImadA, snlmadA = Cc. (2.6) 

This property is crucial in the construction of Drinfeld-Sokolov hierarchies. 

2.2 Drinfeld-Sokolov hierarchies 

Drinfeld and Sokolov's original construction works on the centerless affine Lie alge- 
bra g = g/C c. This algebra is graded in the same way as for g'. Similarly, the 
homogeneous and principal gradations are written as g = ^j^z5j ^^^ ~ ©igz0'' 
respectively. Clearly go = g, which denotes the simple Lie algebra for the Cartan ma- 
trix A = {ciij)i<ij<n of finite type. According to (12.61) . the centralizer of A = Y17=o ^* 
in g is the principal Heisenberg subalgebra s = s/C c of trivial center. This subalgebra 
contains a basis {Aj G g-' | j G E} with Ai = uA for some constant u. 



We use C°°{M.,W) to denote the set of smooth functions from M to some hnear 
space W. Consider operators of the form 

^ = D + A + q, gGC~(M,0n0^°), (2.7) 

where D = d/dx with x being the coordinate of M. 

Proposition 2.1 ([4J) There exists a function U G C°°(M, 0^°) such that the opera- 
tor ^ = e~^^ ££ has the form 

£ = D + K + H, /7GC°°(M,sn0<°). (2.8) 

Suppose U also satisfies the above condition, then ^-^^ue^" = e^'^''^ with some S G 
C°°(M,5ng^°). Moreover, for different choices ofU, the function H differs by adding 
the total derivative of a differential polynomial in (components of) q. 

One chooses a function U given in the above proposition, and introduces a map 

(f : C°°{R, q) -^ C°°(M, 0), X ^ e^'^^'X. (2.9) 

The gauge transformations of operators of the form (12. 7p are defined by 

^^gad^^^ A^GC~(M,gn0<°). (2.10) 

This is the action of the Lie group of the nilpotent subalgebra of g, with an n- 
dimensional obit space. 

Definition 2.2 (||4]) The Drinfeld-Sokolov hierarchy associated to g and the zeroth 
vertex of its Dynkin diagram is a family of partial differential equations of the gauge 
equivalence class of =Sf , which are defined by 

-^ = [-^iA,)>o,n jeE^. (2.11) 

Here the subscript "> 0" means the projection to g>o, and E+ is the set of positive 
exponents. 

Drinfeld-Sokolov hierarchies restricted to different gauge slices of =Sf are equivalent 
up to a gauge transformation (I2.10p . which are of Miura type. In particular, if the 
gauge slice is given by q taking value in the Cartan subalgebra of g, then we call the 
corresponding hierarchy the modified Drinfeld-Sokolov hierarchy. This name follows 
from that in the modified case the first nontrivial equation in the hierarchy for A\ is 
the modified KdV equation, which is related to the KdV equation by the celebrated 
Miura transformation, see Example lA. 21 below. One refers to [27 t [35 | fT2 | [8] for equiv- 
alent versions of such modified hierarchies associated to untwisted affine algebras. 

Let ( ■ I ■) be a nondegenerate invariant bilinear form on g. The orbit space of the 
gauge action is equipped with the following Poisson bracket 

{^,^}(g) = (grad^^ | [grad^^, D + ^ e, + g] J , (2.12) 



where ^ and ^ are arbitrary gauge invariant local functionals of the form 

/ K {q; d^q, d^q, . . . ) dx, 

and the gradient of a functional ^ with respect to q is defined to be gradg=^ e 

C°°(R,gng^°) such that 

^{q + eq) = (grad^ | q) 



_d 

d^ 



for arbitrary g G C°°(R, g H g-°). 

Theorem 2.3 (|Hj) The Drinfeld-Sokolov hierarchy defined by (12.111) can be written 
in a Hamiltonian form as 

d ^ 

{^,^}, jeE+, (2.13) 



dt, 



where the Hamiltonians are 



j^.= H-K- \H)dx (2.14) 

with H given in Proposition \2.1\ 

Remark 2.4 If the affine Lie algebra g is untwisted, the Drinfeld-Sokolov hierarchy 
possesses another Hamiltonian structure that is compatible with 02.13p . In other 
words, it is a hierarchy of bi-Hamiltonian systems. The bi-Hamiltonian structure was 
shown to be characterized by the semisimple Frobenius manifold [5] on orbit space of 
the corresponding Weyl group together with a class of constant invariants [6]. D 

In the theory of integrable hierarchies as well as their applications, the concept of 
tau function plays a significant role. Generally speaking, it is not convenient to study 
tau function of the hierarchy (12. lip starting from the definition. Instead, Drinfeld 
and Sokolov proposed a remarkable method to represent their hierarchies into Lax 
equations of scalar pseudo-differential operators. They wrote down the Lax formalism 
for the evolutionary equations associated to affine Lie algebras of types A„ , Bn , 
Cn , ^2n) ^2n-i ^^^ ^n+i- F^^ ^^c hierarchy of type Dn , a Lax representation was 
partially given in [1], and completed by us in |29] with the help of certain extended 
pseudo-differential operators. See Examples 15.11 and 15.31 below for the Lax represen- 
tation of the hierarchies of types An and Dn , whose tau functions can be defined 
via Hamiltonian densities chosen similarly as for the KdV hierarchy. However, such 
a case-by-case method may not work universally. In next section we are to propose a 
way to construct tau function for all Drinfeld-Sokolov hierarchies. 



3 Tau function of Drinfeld-Sokolov hierarchies 

Given an operator ^ in f l2.7p . the Hamiltonian densities in fl2.14p are defined up 
to adding the total derivative of differential polynomials in g, which depend on the 
map IJ in Proposition 12.11 Our idea is to fix a map IJ appropriately such that the 
Hamiltonian densities are tau-symmetric, hence a tau function can be defined. To this 
end, as inspired by [l9j, we are to reformulate the Drinfeld-Sokolov construction on 
the derived algebra g' = g © C c. 

3.1 Reformulation of Drinfeld-Sokolov hierarchies 

The operator in (12. 7p is just 

^ = D + A + g, gGC°°(M,0ng'^°). (3.1) 



In comparison with Proposition 12. H we have the following 

Proposition 3.1 Given an operator =Sf as (13. ip . there is a unique function U G 
C°°(M, 0'^°) satisfying the following two conditions 

(i) The operator =Sf = e~'^'^'^J^ has the form 

^ = D + K + H, if GC~(M,sn0'<°); (3.2) 

(a) For every positive exponent j G Ej^, the central part ofe^'^^Aj vanishes, namely 

(e^^-A,)^ = 0. (3.3) 

Here the subscript "c" means to take the coefficient of the center c with respect 
to the decomposition Ca^ © ■ ■ ■ © Ca^ ©Ceo/ the Cartan subalgebra of q' . 

Moreover, both U and H are differential polynomials in q. 

Proof One writes e^'^^^Sf = ^ to 



\ k<-l / k<0 



Qk, (3.4) 



where qk, U^, H^ take value in q . By comparing the homogeneous terms we have 

[f/-i,A] = go, (3.5) 

Hk+i + [Uk, A] = *, k = -2, -3, -4, . . . . (3.6) 

Here for every k the right hand side of (13. 6p depends on g^, Hi {i > A; + 1) and 

Ui {i > k). 

First of all, equation 13.51 has a unique solution U-i, for which equation (13. 3p with 
J = 1 is trivial. When A; < — 1, by virtue of the decomposition (12. 6p . the functions Hk+i 

10 



and Uk can be solved recursively from (13.61) . In more details, suppose Hi {i > k + 1) 
and Ui {i > k) were given, then -fffc+i is determined uniquely by f l2.6p . In finding U^ 
there are two cases: first, the function Uk is unique whenever k ^ E; second, ii k & E, 
then Uk is determined up to the addition of a multiple of A^. But the freedom in 
the latter case is fixed precisely by the condition (13. 3p with j = —k. Therefore the 
proposition is proved. D 



Remark 3.2 In [19] Hollowood and Miramontes fix the function f/ in a different way. 
They let U take value in s^ fl 0'^°, where S"*" is the orthogonal complement of s with 
respect to the standard bilinear form on g', see Proposition 2.1 in [12]. For such a U, 
the corresponding Hamiltonian densities in (12.141) are not what we look for. D 



Lemma 3.3 The function H in Proposition \3.1\ is invariant with respect to the gauge 
transformations (12.101) . 



Proof _ Suppose =Sf is of the form (13. ip . let U and H be determined by Proposition 13. II 

For ^ = e""^^^ with any A^ e C°°(M, g n 0'<°), one has 

^ = e'^^f/ (D + A + H), e'^u = e^^^ e''^^ , 

where U G C°°(R, g'^°). We need to show that U also satisfies the condition (13. 3p . 
Observe that N has trivial projection to the subspace 

span{[/o,[/-„[^,...]]]}C0'<°, 

in which /, are Weyl generators. Hence 

{e'"^^Aj)^ = e^'^^ (e^'^^Aj)^ = 0, j G E+. 

The lemma is proved. D 

Given an operator J^ as in (13. ip . henceforth we fix the functions U and H as in 
Proposition 13.11 Similar to (12. 9 p we now have 

(^ : C°°(M, 0') -^ C^{R, 0'), X^ e^'^^X. (3.7) 

By virtue of the condition (13. 3p . the evolutionary equations (12. lip are still well defined 
with replaced by 0' and simultaneity the subscript "> 0" becomes the projection 
0' -^ 0>Q. These equations compose the Drinfeld-Sokolov hierarchy when restricted 
to a gauge equivalence class with respect to transformations of the form (I2.10p . 

We proceed to give an equivalent representation of the equations (12. lip . Introduce 
a nonlocal function 

n = - rH{q-d,q,dlq,...)dx, (3.8) 



namely, dVt/dx = —H. We expand f2 as 

u 

11 



^ = E 7^-- (3-9) 



where Uj are scalar functions. Since U and Q take value in 0'^°, the following element 
of the Lie group of g' is well defined 

e = e^e^. (3.10) 

In fact it can be considered as a formal series that converges with respect to a topology 
induced by the principal gradation on q'. 

Introduce 

^, = ^ + A, + g(j), jeE+, (3.11) 

where d/dti = vd/dx and 

<iu) = ["''"''": ' = '' (3.12) 

'^'^ \ (eA,0-i)>o - A„ 3eE^\ {1}. ^ ' 

Using (12. 5p and (13. 3p . one easily sees 

g(j)c = -Wj, 3 e E+. (3.13) 

Lemma 3.4 The evolutionary equations in (12. lip are equivalent to 



dtj 



[-A,-g(j),=Sfi], jGi?+. (3.14) 



Proof The case j = 1 is trivial, which yields d/dti = vd/dx. 
For j G -E+ \ {!}) clearly 

-A, - q{j) = -(eA,e-^)>o = -V5(Aj)>o + w^ ■ c. 

Observe that equation (12. lip is just the off-center part of (I3.14p . hence we only need 
to derive from (12. lip the central part of (I3.14p : 





-^--^- <"^) 


Recall ^ = 


= e^'^'^(D + k + H). One has (see, for example. Lemma A.l in |32j) 




'a^-'*'4+[^'.-^'^i '"«' 


where 








Substitute dXTB]) and V5(Aj)>o = v{^j) - v{J^j)<o into (I^TTD . then 

_ + [e-ad. (V,, ,/f/ - ^(A,)<o) , Z^ + A + //] = ^ ■ c. (3.17) 

12 



According to the decomposition fl2.6p . we write 

with G and G taking value in s fl g'^*^ and in Im adA H q'^^ respectively. Equation 
(13.171) splits into three parts: 



dH dG _ 

dti dx 



[G,A]c 

_dG_ 

dx 



dx ' 

+ [G,A + H]=0. 



(3.18) 
(3.19) 
(3.20) 



Let — adAi act on equation (13.181) . then it follows from (13.191) that 

— V- 



dtjdx 



dx"^ 



Both sides of the equality are total derivatives of differential polynomials in q with 
respect to x, hence it leads to (I3.15P by integration (no integral constants exist). The 
lemma is proved. D 

Lemma 3.5 The operator G in (I3.10p can he written as G = e^ with V taking value 
in g'^Q. Moreover, it satisfies 



(9G 

— = (GA,G-i)<oG, jeE^. 



(3.21) 



Proof First of all, one can write G = e^, where V G C°°(]R, g'^''). Since 



=eiJ- + A.|e 



-1 _ gad^/ 



_d_ 



Ai 



then in the same way as (13.161) we have 

d^i _ 
'dt~~ 



[^uyV.^i] 



(3.22) 



Ifj>l, 

[Vt.yV,^,] = [-(e%)>o,^i] = [{e^-A,)^o,^i]. 

Denote A(j) = e-^<^^(Vt^.,y\/ - (e^'^^Aj)<o), then A(j) e C°°(M,g'<°) and 



AWA + A. 



0. 



(3.23) 
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According to the decomposition fl2.6p . we derive 

i£E,i<-l 

with some constants c,. But equation fl3.23p is independent of q, hence by letting 
g = (which imphes U = and fi = 0) one obtains A(j) = 0. Thus 

Vt,,yV^-(e^'^^A,)<o = 0. (3.24) 

This is just an equivalent version of (I3.2ip with j > 1. 

We simply write V G 0'^°. In particular, equation (I3.24p yields VtyoVo = for 
Vq = V\g'^. Decompose Vq as Vq = Vq _i + Vq _2 + • • • with Vo,fc G fl''^ n^Q. By induction 
one has dVo^k/dtj = for all j G ii^_|_\{l}, which implies that Vq^a; are constants. These 
constants are zero for the same reason as above. Thus Vq = 0, namely, V G q'^q. 

Finally, since V G g'^Q, it follows from (I3.22p that 

g(l) = ( GAiB-i - Q-Q^j - Ai = iQAiQ-%0 - Ai- (3.25) 

In the same way as for j > 1, equality 03.2ip holds also for j = 1. Therefore the 
lemma is proved. D 



Remark 3.6 According to Proposition 2.2 of JT9\, for certain two gradations s ^ s' 
of q' there exists a unique gauge slice of q such that the dressing operator 9 has the 
form as in Lemma [3.5[ Lemma [3.51 shows that, when s and s' are the homogeneous 
and principal gradations respectively, such an operator 9 can be uniquely constructed 
for arbitrary q. D 

3.2 Definition of tau function 

It is ready to define tau function of the Drinfeld-Sokolov hierarchy (I3.14p . 
We combine (I3.12p and (I3.25P then have 

g(j) = (9A,9^i)>o - A„ j e E+. (3.26) 

Hence the operators =S^- in (13. lip are rewritten uniformly as 

Clearly, 

[X,^j] = 0, i,jeE+. (3.28) 

This fact also confirms the commutativity between the flows in (13.140 . 
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Considering the central part of f l3.28p . one has 

^-^ + [A. + 9(0,A. + 9(j)]c = 0, ^,3eE^. (3.29) 

Since Aj + q(i) he in g>Q, then [Aj + q(i),Aj + q(j)]c = 0. Hence equation (13.291) is just 

Given any solution of the hierarchy (13.141) . there locally exists a smooth function r of 
t = (tj)j(zE^ such that 

d log r 
tuj = ^^, jeE+. (3.31) 

It follows from Lemma [23] that log r is independent of the choice of gauge equivalence 
class of .if. 

Definition 3.7 The function r satisfying (I3.3ip is called tau function of the Drinfeld- 
Sokolov hierarchy (12. lip . 

Let us consider how the tau function is related to the densities of Hamiltonians in 
Theorem 12.31 The Hamiltonian densities are 

h, = {-Aj\H), jeE+ (3.32) 

with H given in Proposition 13. H and they are invariant with respect to gauge trans- 
formations. Recall the definition of Uj in (13. 9p . one has 

1 du, (A, I -if) h, 



j dx (A, I A_,) (A,- I A_,-) ' 
This together with (I3.30p leads to 



(3.33) 



j dhj i dhi 



{Aj I A_,) dti {Ai I A_,) dtj 



t,jeE+. (3.34) 



It means that a family of tau-symmetric Hamiltonian densities of the Drinfeld-Sokolov 
hierarchy is found. With the help of these densities, equation (I3.33P is recast to (cf. 

dH) 

d^ log 'T j , 

-d^ = (aTHM " ^'-''^ 

Hence the tau function of the Drinfeld-Sokolov hierarchy can be defined equivalently 
by 

'^'"^^ ' a>T'(-A,|^V ^,,eE,^ (3.36) 



dti dtj {Aj I A_j) ^ V dti 

The right hand side is independent of the choice of invariant bilinear form, in which 
dH/dti is a total derivative (see (I3.18P ). and the integral constant is assumed to be 
zero. Thus logr is determined up to the addition of a linear function of the time 
variables. 
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4 Virasoro symmetries 

It was showed [20j that the (generahzed) Drinfeld-Sokolov hierarchy associated to an 
untwisted affine Kac-Moody algebra possesses certain additional symmetries. These 
symmetries obey a Virasoro commutation relation, hence they are also called Vira- 
soro symmetries. Now we want to revisit the construction in [20] and derive such 
symmetries for Drinfeld-Sokolov hierarchy associated to any affine algebra. Our aim 
is to represent these Virasoro symmetries via the tau function defined in the previous 
section. 



4.1 Kac-Moody- Virasoro algebras and their representations 

Based on [231 El], we review the extension of the affine algebra 0(^4) to a Kac-Moody- 
Virasoro algebra, as well as certain representations of them. Suppose the Cartan 
matrix A = (aij)o<i,j<n is of affine type X^^'; the lowest positive integers fcj satisfying 

A{ko,ku...,Kf = 

are called Kac labels of 0(^4). Consider a set of nonnegative integer vectors 

r = {(so, Si, . . . , Sn) e Z"+l \Si>0,So + Si + --- + Sn>0}. (4.1) 

For every s = (sq, Si, . . . , s„) G F, denote 



N, = J2k,s,. (4.2) 



i=0 

Let Q be the simple Lie algebra of type Xj^, on which there is a diagram auto- 
morphism of order r. Given an integer vector s = (sq, Si, . . . , s„) G F, it induces 
a Z/riVsZ-gradation Q = 0fc=o~ ^>' (^^^ §^-^ °^ E2] for details). The Kac-Moody 
algebra q{A) graded by s can be realized as 

g{A- s) = (A'= ® Qk n.od rivj ®Cc®c4\ (4.3) 

feez 

in which c is the canonical central element, and the Lie bracket between X{k), Y{k) G 

h (s) 

A ® Qk mod rNs and % is defined by 

[X{k),Yil)] = [X,Y]ik + l) + 5k,^i^iX I r)oC, (4.4) 

[So\x{k)] = kX{k). (4.5) 

Here ( ■ | ■ )o is the standard bilinear form on Q. An element X{k) will be written 
more precisely as X{k;s) whenever it is necessary to distinguish the gradation s from 
others. 
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On the derived algebra q'{A; s) of q{A; s) one introduces a family of derivations 
d\'^ {I e Z) such that 

[d['\x{k)] = kX{k + rNJ), [d['\ c] = 0, (4.6) 

[di\dt^] = rN,il-k)dil, (4.7) 

These derivations generate an infinite-dimensional Lie algebra, say, d^^' , of Virasoro 
type. Thus a Kac- Moody- Virasoro algebra d^^^ x q'{A; s) is constructed. 

Following the notations in §8.3 of [23], the simple Lie algebra Q contains certain 
elements written as Ei, Fi and Hi with i = 0,1, ... ,n. These elements give a set of 
Weyl generators of q'{A; s) in the following way: 

4^ = E.{si), ft^ = F,{-Si), ar^^) = i7.(0) + ^c (4.8) 

with ki and ky being the Kac labels and the dual Kac labels respectively. Hence d^ 
can be considered as derivations on q'{A). 

For arbitrary gradations s, s' G F, there is a natural isomorphism between g'{A; s) 
and q'{A; s') induced by 

Up to such an isomorphism, one has the following lemma. 

Lemma 4.1 ([34j) Given two gradations s, s' G F, the corresponding derivations on 
q'{A) satisfy 

dt'' = di^ + di'\ (4.9) 

[4^), rff )] = rNJdi'^, - rNM:l (4-10) 

for all integers k and I. 

In the Cartan subalgebra of q'{A; s), one introduces the following elements 

h = ia':^'\...,a:^^^)[A^y\s^,...,s^r, (4.ii) 

H, = (i7i(0), . . . , H^m (i^) ' {si, ..., Snf. (4.12) 



Lemma 4.2 (Lemma 2.4 in |34] ) Let s° = (1,0,..., 0) G F be the homogeneous 
gradation. For any s eT it holds that 



if 



^d^Q ' + hs, k = 0; 



ko 

(4.13) 

^dp + H,{rkok;s'), k ^ 0. 
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Consider highest weight representations of affine Kac-Moody algebras. Denote x = 
{xj)jQE+- On the Fock space C[[x]] one defines an action of the principal Heisenberg 
subalgebra s of q'{A) by 



c H^ 1; Aj ^ -^— , A_, ^ -jxj, j e E+. (4.14) 



d_ 

dxj 

This action generates a highest weight representation of s. 



Theorem 4.3 (Theorem 14.6 in |23] ) Suppose the Dynkin diagram of the affine 
Lie algebra q' {A) is simply laced or twisted, then the action of the Heisenberg subalgebra 
5 on the Fock space C[[x]] given by fl4.14p can be lifted to a basic representation of q'{A) 
on C[[x]], and, the highest weight vector is 1. 

Recall the principal gradation s^ = (1, 1, . . . , 1) G F, and realize q{A) as 0(^4; s^). 
The following result is implied by Theorems 3.2 and 5.1 in 



Theorem 4.4 Under the same assumption as in Theorem \4.3[ the action of q'{A) on 
C[[x]] given there can be uniquely extended to ad^ i< q' {A; s^) -action by setting 

df^^-Lkid/dx;x), (4.15) 

where 

Lfc(9/9x;x) = 2 5Z (Prhk-jPj + P~jPrhk+j) (4.16) 

with h = Ngi being the Coxeter number, and 

4.2 Virasoro symmetries represented via tau function 

We proceed to construct Virasoro symmetries for Drinfeld-Sokolov hierarchy inspired 
by [20] , and represent them by using the tau function defined in the previous section. 

Let Q be an arbitrary affine Kac-Moody algebra. For the homogeneous and the 
principal gradations s" = (1, 0, . . . , 0) and s^ = (1, 1, . . . , 1), we normalize the deriva- 
tions on q' as 

4 = -^df^ = -^df\ (4.17) 

riVgO rko 

4 = -4rdf^ = '\df^- (4-18) 

Note that iVgO = k^ and N^i = h. These normalized derivations satisfy 

[4, di] = {k- l)dk+u K, d\] = {k~ l)d'^^,. (4.19) 

18 



From Lemma 14.21 it follows that 



4 - 4 = ^ (df' - fd. 







rh 



k = 0- 



(4.20) 



1 



< rh 



Clearly d^ — d'^, G B^fcofc i^ the notations for the homogeneous gradation (12.31) . 

We fix the generators A^ G g'-' with j E E oi the principle Heisenberg algebra s 
such that 

[Ai, Aj] = 5i^_j i ■ c, K, Aj] = -^Aj+rhk for all k e Z. (4.21) 



Given any integer k, introduce 






rh zrh 



/ J ^Ji^i'^j ' C, 



(4.22) 



i + j = —rhk 



where the third term on the right hand side exists only ii k < 0. It is straightforward 
to check 



0. 



Let 



Bk = QBkQ'^ -dk, ke Z. 

Note that B^ G 0'. 

For k > —1, define evolutionary equations as follows 



(4.23) 
(4.24) 



dPk 



-(-Bfc)<o,«^i. 



(4.25) 



The right hand side can be rewritten as [{Bk)>o + dk,^i\, hence the equations (I4.25P 
are well defined by comparing the degrees with respect to the homogeneous and the 
principal gradations and by an analysis as in the proof of Lemma 13.41 These flows are 
assumed to commute with d/dti = v d/dx. 

With the same method as in the proof of Lemma 13. 5^ we have the following useful 
formula 

-iBk)<oe, k > -1. (4.26) 



This formula immediately leads to 






'(-Bfc)<05 -^j] = [(-Bfc)>o + dk, ^j] , j ^ E^ 



(4.27) 



Proposition 4.5 The following assertions are true (of. Propositions 3.3 and 3.4 in 
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(i) The flows fl4.25p commute with those in (13.141) . nam,ely, 

' d d_ 
_d/3k' dtj_ 



6 = 0, k>-l, J e E+. 



(a) For k, I > —1, 



d _d_ 

WkWi 



e = {i-k) 



d/3k+i ' 



(4.28) 



(4.29) 



Proof The first assertion follows from a straightforward calculation by using (I4.26P 
and (I3.2ip . Let us check the second assertion, which is a little more nontrivial. 

Using (|4A9|) and ( K2T\i . one has 



[Bk, Bi] = {k~ l)Bk+i. 



Since 



d d 

WkWi 

d 



e 



dh 



(QBiQ 



-1 



di)<oe 



<50<o(5fc)<oe + [(5,)<o, QBiQ-'UQ 



then 



d _d_ 

WkWi 

[(A)<o, {B^ 



e-e-^ 



fcj<0 



m 



k)<0,Bi 



^l\<0 



m 



l)<0 



Bk + d. 



fcJ<o 



= [-Bfc, -Bi]<o + [{.Bk)<Q, di]^Q + [dfc, (-B/)<o]<o 

= {[Bk + 4, Bi + di] - [4, c?;])<o 

= ((A; - l){Bk+i + dk+i) -{k- l)dk+i)^Q 

--{k-l){Bk+i)<^ 

-\l-k)^Q-\ 



5/3, 



k+l 



(4.30) 



for any element B E q' 

D 



Note that in the third equality we have used [(ifc,i?>o]<o 
and integer k > 1. The proposition is proved. 

The commutativity (I4.28P of flows means that the equations (I4.23P define sym- 
metries for the Drinfeld-Sokolov hierarchy (12. lip . Such symmetries are called the 
Virasoro symmetries due to the commutation relation (I4.29p . 

Now we arrive at the main result of the present section. 

Theorem 4.6 For k > —1, the tau function in (I3.3ip of the Drinfeld-Sokolov hierar- 
chy satisfies 



dlogT 



rh " 2rh ^-^ 



d log r d log r 



2rh ^-^ dti dtj 

i+j=rhk ■' 
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+ ^h S '*S+2^ S ijt^.+h^.. (4.31) 

i>—rhk i+j=—rhk 

Here \k>i equals 1 whenever k > 1 and vanishes otherwise, 

Oi = rh [e^^dk - 4), - {e^''"H,i{rkok;s'^))^ (4.32) 

with U given in Proposition \3.1\ and Hsi{rkQk;s^) introduced in fl4.12p . all indices 
i,j G -E+, and Ca is a constant depending on the Cartan matrix. 



Proof From fl4.27p we have 

dq{j), d{Bk)c 



d(3k dtj 

The left hand side is 

dcoj d"^ log r 

dPk d(3kdtj ' 

let us compute {Bk)c on the right hand side of fl4.33p . 

It is straightforward to calculate 



i+j=—rhk I 



rh 2rh 

i&E+ 



iaEj^ i+j=rhk 



y^ ^Ai+rhk- V ^^'"^^ ( i rhk) c 

^-^ rh * ^ ^-^ rhi + rhk 

i&E+ i>~rhk 



(4.33) 
(4.34) 



i+j=—rhk 

=df. 2_^ i^i^-i+rhk + itiAi^rhk) + ^—7" 2_^ ^''^i ' ^ 

iGi?+ i+j=rhk 

+ ^ E ^Uui+rhk-c+— E ^Jt^trc. (4.35) 

i>—rhk i+j=—rhk 

By virtue of the property of U given in Proposition 13. ![ we have 
{B,), = [e^''^e^''Bk-dk)^ 

= (e^^-4-4), + ^ E ^^^= 

i+j=rhk 
1 1 

i>—rhk i+j=—rhk 
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Denote O^ = rh [e^^^v d'^ _ 4)^. Clearly, 

0'_^ = 0, 0', = rh{d', - do), = - (/isO, = 0. (4.37) 



When A; > 1, 



O', =rh e^"^ 4 - -^H,.{rkok- s°) - 4 



1 

rh 
h{e^^dk-dk)^-{e^''"H,^{rkok;s''))^. (4.38) 



c 



We substitute (gSlD, fH:36|l - fl4:38|) into fl03|l . then obtain flOTj) by integration with 
respect to tj. The constant Ca is chosen such that d/df3k acting on r obey the Virasoro 
commutation relation. The theorem is proved. D 

In general, we only know that O^ are differential polynomials in second derivatives 
of logr with respect to the time variables tj. The reason is that in Proposition 13.11 
the function U is a. differential polynomial in q, which can be chosen canonically as 
a differential polynomial in the first n Hamiltonian densities hj = (— Aj | H) with 
< j < rh. How to compute O^ will be illustrated by examples in next section. 

The Sugawars construction of L^ in (I4.16P can be extended to an arbitrary affine 
Kac-moody algebra g. Let 

Vk = ^Lk{d/dt; t) + 6k,o ■ Ca, (4.39) 

rh 

then they satisfy 

[Vk,Vi] = ik-l)Vk+i, kj>-l. 

Equation (I4.3ip is recast to 

dr 

= VkT + rOk, k>-l, (4.40) 



where 




k = -1,0; 



Ok={ ^ ^ ^ .21 \ (4-41) 

1 Y^ c* log r 



2 ^ dti dt. 

i+j=rhk ■' 



k> I. 



In particular, the symmetries generated by d/dP-i and d/dPo, which stand for the 
invariance with respect to the Galilean and the scaling transformations respectively, 
are linearized when acting on the tau function. Such kind of linearization of Virasoro 
symmetries with fc > 1 is not valid for all Drinfeld-Sokolov hierarchies for the obstacle 
Ok may not vanish. 

Proof of Theorem \l.l\ The theorem follows from (I4.40p and Proposition 14.81 below. D 
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4.3 Linearization of Virasoro symmetries for ADE-type hier- 
archies 

In this subsection we only consider the Drinfeld-Sokolov hierarchies associated to 
simply-laced or twisted affine Lie algebras, for which the Virasoro symmetries acting 
on the tau function will be seen linearized. 

Lemma 4.7 Let g' be a simply-laced or twisted affine Lie algebra. The basic repre- 
sentation given in Theorem \4.3\ induces an action of the Lie group on the Fock space 
C[[x]], then the operator B introduced in f l3.10p satisfies 

e-M^I<i±^, (4.42, 

where r is the tau function of the corresponding Drinfeld-Sokolov hierarchy. 

Proof In the basic representation C[[x]] of g', every element X G 5>o satisfies X ■ 1 = 
Xc- For each j G E+, 



d_ 
dti 



A. 0-1.1 = 0-1^^. . 1 



^e- (A + ,(,) + A.) -1 

= e-ig(j)cc-l 

= -uj e^^ • L (4.43) 

Denote 6^^ • 1 = /(t,x), then the above equation is just 



dtj dxj J dtj 

This equation together with the "boundary" condition /(t,0) = (0^^ ■ l)|x=o = 1 
implies /(t,x) = r(t + x)/r(t). The lemma is proved. D 

Proposition 4.8 Suppose the affine Lie algebra g' is simply-laced or twisted, then the 
Virasoro symmetries f l4.25p for the Drinfeld-Sokolov hierarchy act linearly on the tau 

function. More precisely, 

dr 

= VkT, k > -1, (4.45) 

where the operators V^ are given in (I4.39p . 

Proof We only need to show the cases k > 1. The proof is almost the same as that 
of Proposition 4.2 in [20] for simply-laced affine Lie algebras. 

Consider the basic representation C[[x]] of g' as in Theorem 14.31 It follows from 
the formula IK^ that 

A0-1 . _ g r(t + x) _ 1 drjt + x) r(t + x) drji) 

dPu dp, r(t) Tit) dPu rity dPu ' ^ ' ' 
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On the other hand, let us extend the basic representation C[[x]] to a module of the 
Kac- Moody- Virasoro algebra as in Theorem 14.41 Recall Pi given in fl4.14p . set 

Aj\-^-pj, j e E] (i^ I-)- — Lfc((9/(9x;x), k E Z. 

Then for A; > 1, 

^ 0- . 1 



--e-'Bk-i-e-\Bk)>o-i 

--BkQ-' ■ 1 - Q-'dk ■ 1 - {Bk)c&-' ■ 1 

(91ogr(t)r(t + x) 
Wk Tit) 



r(t + x) 
r(t) 



' ' Md/d.; t + x)r(t + X) - ^^^. (4.47) 



T{t)rh ''' ' ^ ' J y ' J ^(t)2 Qp^ 
From flOHjl and flOTjl it follows that 

^^^^ = 4-^fc(9/9x;t + x)r(t + x), k>l, 
opk rh 

which is recast to f l4.45p by a translation of variables: t + x h-> t. The proposition is 
proved. D 

Comparing equations f l4.3ip and f l4.45p . we have 

Corollary 4.9 For any simply-laced or twisted affine algebra, the functions O'^ defined 
in f l4.32p can he written as 



i-\-j=rhk ■' 



2 ..^, dtidt^ ' 
That is, Ok = for k > —1. 



0i = - y ^r^, k>l. (4.48) 



We digress to consider another very important application of Lemma 14.71 Recall 
that Kac and Wakimoto [24j constructed a hierarchy of Hirota bilinear equations based 
on the principal vertex operator realization of the basic representation of g'. Every 
solution of these equations is a point of the orbit space of the highest weight vector 
acted by the Lie group. 
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Theorem 4.10 For any simply-laced or twisted affine Lie algebra q' , the tau functions 
defined in fl3.3ip of the Drinfeld-Sokolov hierarchy coincide with the solutions of the 
corresponding Kac- Wakimoto hierarchy. The variables of these two hierarchies are 
related via a basis of the principal subalgebra s according to the relations (12. lip and 



Proof Given a tau function r(t) of the Drinfeld-Sokolov hierarchy, then the formula 
(I4.42P implies that r(t + x)/r(t) is a solution of the Kac- Wakimoto hierarchy of Hirota 
equations with variable x. By setting t — )■ one sees that r(x) also solves the Hirota 
equations due to their bilinearity and translation invariance with respect to x. 

Conversely, suppose r(x) is a solution of the Kac- Wakimoto hierarchy. The sub- 
stitution of T into the right hand side of (14.421) determines an element G = e^ with 
V lying in q'^q. Note that 9 depends on the variables tj. For each j G -E+, introduce 
J^j = O {d/dtj + Aj) O^^. They act on the highest weight vector as 

^ \dtj dxjj r(t) 

glogr(t)r(t + x) Q ^ 
dtj r(t) 

^-^, ,4,«) 

which is independent of x. It implies that J^j = d/dtj + Aj + q{j), where q{j) G 0>o 

and 

91ogr(t) 

^^^^^ = — m—- 

The following zero- curvature equations 

[if„if,] = 0, i,jeE+ (4.50) 

are well defined. These equations recovers the Drinfeld-Sokolov hierarchy, of which 
the tau function defined by (I3.35P is just rit). The theorem is proved. D 

Remark 4.11 The conclusions in the present subsection depend on the basic repre- 
sentation of the affine algebra g'; they may not be valid for Drinfeld-Sokolov hierarchies 
associated to other than the zeroth vertex of the Dynkin diagram of q'. For example, 
the Virasoro symmetries for the A2 -hierarchy associated to the vertex labeled 1 of 
the Dynkin diagram are not linearized; note that the ffist non-trivial equation in this 
hierarchy is also known as the Kaup-Kupershmidt equation [25]. D 

To end this section, we shall emphasize our inspirations from [T^l [SD]. In fact, for 
each simply-laced affine Lie algebra g' Hollowood and Miramontes proved the following 
equality (see equation (5.1) in [T9]): 

e-'..^^, (4.51) 
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with the method of certain "big cell" factorization of the Lie group of q'. Here G is a 
dressing operator lying in the Lie subgroup f/_(s), v^ is the highest weight vector in 
an integrable highest weight representation L{s), and Tg is the tau function of Hirota 
equations from Kac and Wakimoto's construction |2l]. Equation f l4.5ip provides a map 
from solutions of a Kac-Wakimoto hierarchy to those of the zero- curvature hierarchy 
fl4.50p of Drinfeld-Sokolov type given by 6. This equation was further employed in [20] 
to obtain the linearized Virasoro symmetries for generalized Drinfeld-Sokolov hierar- 
chies associated to simply-laced affine Lie algebras, whose tau function is considered 
to be Tg. 

Inspired by HoUowood, Miramontes and Snchez Guillen [TSl ED] , we now obtain, in 
a more straight forward way, the formula f l4.42p of the form f l4.5ip (note the distinct 
definitions of the tau functions) whenever the affine algebra g' is simply-laced or 
twisted. In such cases, moreover, we clarify in Theorem 14.101 the equivalence between 
the Drinfeld-Sokolov and the Kac-Wakimoto hierarchies. 



5 Examples 

Let us present some examples. The first two of them show that our universal construc- 
tion of tau function of Drinfeld-Sokolov hierarchies agrees with relevant investigation 
in the literature on hierarchies of types An and Dn , while the other examples illus- 
trate the obstacles in linearizing the Virasoro symmetries f l4.40p . 

In the examples below we will use a matrix realization of g of affine type Xj^ cor- 
responding to the homogeneous gradation s'' as in f l4.3p -( l43|) . The standard bilinear 
form ( ■ I ■)o on ^ in f l4.4p is the Killing form for special linear algebras, and is half the 
Killing form for special orthogonal algebras. It induces the standard bilinear form on 
the derived algebra g' as 

{X®X^ + ac\Y®X' + f3c)=6k,-i-{X\Y)^, X,Yeg. (5.1) 



On g' the derivations dk reads 

4 = -^X'^'^-'^'"^, kez, (5.2) 

rfco dA 

(2) 

where ko = 2 whenever g is of type Ag^ and ko = 1 otherwise. 

5.1 Tau functions of hierarchies of types An and Dn 

Example 5.1 Let g' be an affine Lie algebra of type An . It can be realized by 
choosing Weyl generators as follows [U [23] : 

eo = Aei,„+i, Ci = Ci+i^i {l<i<n), (5.3) 

/o = Te„+i,i, fi = ei,i+i (1 < ? < n), (5.4) 
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a^=KM iO<t<n), 



(5.5) 



where eij is the [n + 1) x [n + 1) matrix with its (i, j)-coniponent being 1 and the 
others being zero. One has A = cq + Ci + ■ ■ ■ + e„. A basis of the principal Heisenberg 
subalgebra s is {c, A^ = A-' G q'^ \ j E E} with E = Z\{n + 1)Z being the set of of 
exponents of g'. 

Take the operator =Sf to be the following canonical form 



/ 



^can _ ^ ^ ^ ^ gcan^ ^c 



V 



-Un\ 

-M2 
-Ml 

/ 



(5.6) 



The equations in 02. Ill) can be represented as 

dL 



at, 



[(L^/^-+^0+,^], J^E, 



where 



vn+l 



in— 1 



(5.7) 



(5.8) 



L = D"^' + uiD"-' + ■■■ + Un-lD + Un, 

L'/^^+'^ =D + v,D-'+V2D-^ + --- , 

and the multiplication between pseudo-differential operators are defined by 

m>0 

Clearly d/dti = d/dx. The hierarchy (15. 7p is just the Gelfand-Dickey hierarchy [T5] . 
or the nth KdV hierarchy. 

The Gelfand-Dickey hierarchy (15.71) carries two compatible Hamiltonian structures, 
with (I2.12P usually being called the second one. The densities of the Hamiltonian 
functionals are 

(5.9) 



A, = ^:^±^resL^/("+i), jeE, 



J 

Note that the residue of a pseudo-differential operator is defined by res ^jg^ Oj -D* 
a_i. It is easy to check 



j dhj 



i dhj 



n + 1 dti n + 1 dtj 



hJ e^^ 



(5.10) 



Given any solution of the hierarchy (15. 7p . there locally exits a tau function f such that 

52 log f _ j ^1 dhj 



oti otj n + I oti 



(5.11) 



27 



Proposition 5.2 For the Drinfeld-Sokolov hierarchy of type An , the tau function f 



m 



(15. lip coincides^ with r defined in fl3.35p . 



Proof It is sufficient to identify the second-order derivatives of log f and log r with 
respect to the time variables. 

On the one hand, 

^ = 4^„=,esLV(»«, = ^. (5.12) 

OX'^ n + 1 n + 1 

On the other hand, for =Sf = ^^^'^ we do the calculation as in the proof of Proposi- 
tion 13.11 Equation f l3.5p now reads 

[f/_i,A] = gr = 0, 
which implies t/_i = 0. The ffist equation in (13. 6 p is 

H-i + [f/-2, A] = g!^^'^ = -Ml e„,„+i. 



hence 



aMogr _ (-Ai \H) 
dx^ ~ (Ai I A_i) 

-Al I -Uien,n+1> 



(Ai I A_i 

Ui 









n + 1 




It follows from 


(5.12) 


and 


f5.13p that 








d 


fdHogr 


d"^ log f 






dx 


\ dx dtj 


(9a; 9t j 



(5.13) 



= 0, jeE+. 

The difference between the parentheses is a differential polynomial in mi, ■ ■ ■ ,Un with- 
out free term, thus it vanishes indeed. In the same way, we derive 

d'^ log r 9^ log f . . 

9tj 9tj dti dtj 

The proposition is proved. D 

Example 5.3 Assume the affine Lie algebra q' is of type Dn , and it is realized as 
in |29] , see also |H |37] . We choose a family of generators of the principal Heisenberg 
algebra s as 

Afc = 72 A^ A_fe = 72 A-^ (5.14) 



""^In the present paper we say that two tau functions are the same if their logarithms differ by 
addition of a Unear function of the time variables. 
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Afc(„_iy = -V2^^^^^^ K.k[n-iy = -V'hr^^T-^ (5.15) 

for k G Z'^^'^, where A and F are two certain 2n x 2n matrices given in §4.2 of [2^ . 
Note that the constant u = \/2, and that k{n — l) are double exponents of g' whenever 
n is even. 

Introduce a pseudo-differential operator 



L = D2n-2 + 1 ^ ^-1 (^^^2.-1 ^ J;)2^-l^^^^ + /^"V^" V, (5.16) 

There are uniquely two operators 

P = D + viD-^ + V2D-^ + ■ • • , Q = D-'p + t;iD + V2D^ + ■ ■ ■ 
such that p2n-2 _ j^ _ q2 rjj^g following integrable hierarchy are well defined [^129]: 



dtk 



v^ (P^')+, L , = [- v/2;r^ iQ'^)., L], ke Z^d^ (5.17) 

-I Otk{n-iy 



which is equivalent to the Drinfeld-Sokolov hierarchy (12. lip of type Dn ■ 

The hierarchy (I5.17P carries a bi-Hamiltonian structure, with Hamiltonian densities 
being tau symmetric. Hence a tau function f is defined by 

d(29^1ogf)= Yl (V2iesP''dtk + V2n - 2resQ^' dtfc(„_iy) . (5.18) 



With the same method as for Proposition 15. 2[ we obtain the following 

Proposition 5.4 For the Drinfeld-Sokolov hierarchy of type Dn , the tau functions 
f in (I5.18P and r in (I3.35P coincide. 

Based on this proposition, it is easy to see that the Virasoro symmetries (I4.45P are 
consistent with those derived in [38] with skills of pseudo-differential operators. 

Remark 5.5 In a not so straightforward way. Propositions 15.21 and 15.41 can be con- 
sidered as corollaries of Theorem 14. 101 by using relevant results in |2H [29]. D 

5.2 Obstacles in linearizing Virasoro symmetries 

Example 5.6 We realize the Kac-Moody- Virasoro algebra for A[ as follows: the 
Weyl generators of g' are given in (15. 30 - 05. 5p with n = 1, and the derivations on q' 
are (15.21) with r = ko = 1. Note that 

a^ = Hi = diag{-l,l), a^ = Hq + c = diag{l, -1) + c. (5.19) 
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According to fl4.12p . one has Hgi = -Hi, and then 



\k 

HAk;s') = -Hi. 



Given 



^ = D + A + g^ 



D + 



A 

1 



-u 




(5.20) 



(5.21) 



we compute the function U and H determined as in Proposition 13.11 

-1/A \ u^ ( -2/A 



u 
"4 







1/A 



U M, 



+ '¥+16 



12 1^ 1/A2 

-1/A2 
1/A2 







+ 



(5.22) 



H 



hi , /i3 . 

— A_i -— A_3 

2 2'^ 

U , 1 /u^ Uxx 1 . 

-A_i - - — + ^^ A„3 - 
2 ^ 2 I 4 12 ' ^ 



(5.23) 



Here the subscript x means the partial derivative with respective to it: Ux = dxU, 
Uxx = dlu, etc. Thus 



O',=0-(e*i/,(l;s»)) =ift.4^''°^^ 



2 ' 



4 ' 2 at? 
O^ =2 (e-^d, - d.)^ - (e--/73.(2; s°))^ = ^/.s = |||^. 



(5.24) 
(5.25) 



The results agree with Corollarv l4.9[ and show the linearization of Virasoro symmetries 
for the KdV hierarchy in a straightforward way. 

Example 5.7 Let g be the Kac- Moody algebra of type -Bj , whose Cartan matrix is 



/ 2 



A 



\ 



-1 2 -1 
\ -2 2 / 

The elements Ei, Fi and ifj in subsection 4.1 can be realized by 5 x 5 matrices as 



-£^0=2(^1,4 + ^2,5), -£^1=62,1+65,4, -^2 = 63,2 + 64,3, 
-£0=2(64,1+65,2), -£"1=61,2 + 64,5, -£2 = 2(62,3 + 63,4) 

H, = [E^,Fi] (2 = 0,1,2). 



(5.26) 

(5.27) 
(5.28) 
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These elements give a set of Weyl generators according to (14.81) for the homogeneous 
gradation s°, hence q{A; s°) is reahzed. 

Note A = E1 + E2 + XEQ. The set of exponents oi Qis E = Z°*^'^, and the generators 
normahzed by fl4.2ip of the principal Heisenberg subalgebra s are 

Afc = y2A^ A_fc = y2(A~^A=^)^ keZf"^. (5.29) 

Choose ^ to be the canonical form 

^can ^ ^ ^ ^ ^ ^can^ g^^'^ = -U (ei,2 + 64,5) " ^^ (ei,4 + 62,5)- (5.30) 

In the same way as before, we compute the function U and the generating function H 
of Hamiltonian densities. Note that d/dti = \/2d/dx. 

Clearly, 

H,^ = {H,, H2) (i^) "' (1, 1)^ = 2H, + ^H2, (5.31) 

and Hgi{k; s°) = A'^ Hgi. A straightforward calculation leads to 

bd'^logr l(9^1ogr fd'^logrV 



3 dt^dts 6 dtf V dq 

It implies Oi 7^ in (14.401) . namely, the symmetry d/d/3i acting on the tau function 
cannot be linearized. 



Example 5.8 Based on the matrix realization of the simple Lie algebra A2 in Exam- 



pie 15.11 one chooses Weyl generators of the twisted affine Lie algebra g' of type A2 



as 



Co = A(e2,i + 63,2), ei = 61,3, 

2 
/o = V (61,2 + 62,3), /i=e3,i, 

aQ = Ho + c = -2 ei,i + 2 63,3 + c, 
a^ = Hi = ei_i - 63,3. 

They are 3x3 matrices. The derivations (15. 2 p corresponding to the homogeneous 
realization are 

4 = -tA^+^'^4, kez. 



4 dA 



Let A = eo + ei. The principal Heisenberg subalgebra s contains a set of generators 

Aj = V2A\ J = ±1 mod 6, (5.33) 

which satisfy the normalization condition (I4.2ip . Take the canonical form of the 
operator =Sf as 
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We compute the matrix- value functions U and H according to Proposition 13.11 In 
particular, the first two Hamiltonian densities given by H are 



hi 



-Ai I H) 
-A5 I H) 



u 



v^' 



135^2 
One has if,i(4A;; s°) = (A^V2) H^. Thus 



(5m^ + IhuUxx + 3^3: 



adr. 



O; = Q{e^^d, - d,\ - (e^^^ifsi(4; s")) 



5^2 _ 92 log r 
3 dtidt^ 



which agrees with Corollary 14.91 



(2) 



Remark 5.9 The first nontrivial equation of the A2 -hierarchy is 



du 



1 d 
108 at^ 



d'^u d^u 



20m^ + 30m— ^ + 3 



dtl dt\ 



(5.34) 
(5.35) 



(5.36) 



(5.37) 



which is also known as the Sawada-Kotera equation |3T]. This equation carries a 
generalized bi-Hamiltonian structure [H] consisting of a local and a nonlocal opera- 
tors. In fact, we showed that equation (15.37P possesses exactly one local Hamiltonian 
structure EHl that is the first Hamiltonian structure in HI]. D 



6 Conclusion and remark 

We have obtained a unified characterization of tau function and Virasoro symmetries 
for Drinfeld-Sokolov hierarchy associated to any affine Kac-Moody algebra and the 
zeroth vertex of the Dynkin diagram. This together with the results in [U E] suggests 
us, although a complete proof is still missing, to divide Drinfeld-Sokolov hierarchies 
into three classes as follows: 

(71 

Class Affine algebra X)^ Hamiltonian structure Virasoro symmetries 



4(1) riW p(i) 

■r^n , J^n , -'^6,7,! 



bi-Hamiltonian 



linearizable 



TT r(i) r^(i) p(i) r^(i) 



bi-Hamiltonian 



non-linearizable 



HI 



A2) A2) p,(2) 



p(2) r)(3) 



Hamiltonian 



linearizable 
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The hierarchies in Class I are bi-Hamiltonian and have hnearized Virasoro sym- 
metries acting on tau function. Hence they coincide, up to a rescahng of the time 
variables, with the topological deformations constructed by Dubrovin and Zhang [7] 
of principal hierarchies associated to semisimple Frobenius manifolds for Weyl groups 
of types A, D and E. Their tau functions defined in (13.351) that admit some spe- 
cial constraints give partition functions of 2 D topological minimal models, as well as 
Givental's total descendant potentials for simple singularities ^E\ [T71 EZl 113] ■ 

Each hierarchy in Class II also carries a bi-Hamiltonian structure whose leading 
term is associated to a semisimple Frobenius manifold. However, its Virasoro symme- 
tries are expected to be non-linearizable. In fact, the non-linearizability of Virasoro 
symmetries for the Bn -hierarchies is implied by the failure in reducing the additional 
symmetries of the BKP hierarchy to symmetries of Bn -hierarchies with the method 
of [38], the assertion for exceptional cases can be checked straightforwardly, hence in 
principle only the cases Cn need to be considered (we will study it in a separate pub- 
lication). The meaning of the obstacles in linearizing Virasoro symmetries still need 
to be clarified, which might illustrate the observation of the absence of a consistent 
higher-genus expansion beyond genus one in topological minimal models associated to 
Lie algebras other than ADE type [9J. 

A every hierarchy in Class HI has very similar property with those in Class I 
except that it may not possess more than one (local) Hamiltonian structure like the 

(2) 

A2 -hierarchy. Hierarchies of this kind are still far from being well studied. It is 
interesting to find some topological meaning or axiomatic construction for them such 
as in [7]. 

Generally speaking, a tau function that gives partition function in topological field 
theory is selected by the string equation. Based on Lax representation in pseudo- 
differential operators for Drinfeld-Sokolov hierarchy of type An or Dn , it was shown 
that the string equation induces a series of Virasoro constraints to the tau function 
[H [38] • Such constraints to the tau function Ts in (14.511) of any Drinfeld-Sokolov 
hierarchy associated to simply-laced afiine Kac-Moody algebra g were derived in [20] 
by using certain realization of g. It is not hard to generalize the deduction in [20] to 
all Drinfeld-Sokolov hierarchies. 

For the Drinfeld-Sokolov hierarchy associated to arbitrary affine Kac-Moody alge- 
bra Q, assume its tau function r in (I3.35P satisfies the string equation 

^ - V-^r. (6.1) 

This equation is just dr/dti = (9r/9/3„i, hence it follows from (I3.2ip and (14.261) that 

(0Ai0-i)^„ = -(i?_O<o. (6.2) 

Denote 

Pk = eAi+rh(k+i)e-^ + Bk, k>-i. (6.3) 

First of all, one has (-P-i)<o = 0. 
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Consider the realization of q graded by the homogeneous gradation s^ and the 
derivations on it, see Section [Hand f l5.2p . Since 



.•^. ^. .w«,^. .,... 



As°) _ \l+rkok ^ A , ^ _ \rfcoA 



one observes that Pk+i = X^^°Pk- According to the homogeneous gradation, 

{Pk)<o = (A(^-+^)'=°P_i)<o = A(^+i)^°(P_i)<_fe^i = 0, k> -1. (6.4) 

Therefore dr/dti+rhik+i) = dr /dp^, namely, 

dr 



dti. 



■rh{k+l) 



VkT + rOk, k > -1. (6.5) 



They are the Virasoro constraints to the tau function of the Drinfeld-Sokolov hierarchy. 
As indicated in [20], it is interesting to consider a larger set of constraints to the tau 
function, such like tho IV-constraints for An -hierarchies [1], for their application in 
two-dimensional physical systems. 

At the end, Drinfeld and Sokolov's construction of integrable hierarchies has var- 
ious generalizations such like in ^8\. For these generalized hierarchies, it is natural 
to ask whether there is an analogous characterization of tau function and Virasoro 
symmetries as in this paper. We will study it in follow-up work. 
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Appendix 

A Tau functions of modified Drinfeld-Sokolov hi- 
erarchies 

Recall the modified Drinfeld-Sokolov hierarchy associated to affine Lie algebra g' = 
© C c is defined by (12. lip with =Sf given by a function q taking value in the Cartan 
subalgebra of g. This particular gauge slice is related the others by gauge transfor- 
mations (I2.10p that do not change the definition of r in (I3.35p . hence r also serves as 
a tau function of the modified Drinfeld-Sokolov hierarchy. Let us compare this tau 
function with those constructed in |8l |30] . 
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A.l Enriquez and Frenkel's tau function 

For the modified Drinfeld-Sokolov hierarchy associated to an untwisted affine Lie al- 
gebra g, Enriquez and Frenkel [S] found the following Hamiltonian densities: 

(A.l) 









hr- 


= (Ai 


e^'^^Aj) 


J e 


E+, 


where U 


is given 


in 


PropositioE 


l|2.1| These densities 


satisfy 










dhj 


dhi 


dH^j 












dti 


dtj 


dx 





with Hij being differential polynomials in q; in other words, they are tau-symmetric. 
There locally exists a tau function f such that 

1 7 (9^ log f ^ ... 

In comparison with those equations in §5.5 of [8j, here on the left hand side of (lA.2p 
we assign a coefficient l/(Ai | A_i) to make f independent of the choice of invariant 
bilinear form. 

According to Proposition 12. 1^ the freedom of the function U does not change the 
densities hj. Without lose of generality, let us consider the derived algebra g' = g©Cc 
instead of g, and fix U as in Proposition 13.11 

Proposition A.l For any modified Drinfeld-Sokolov hierarchy associated to affine 
Lie algebra q' , the tau functions defined by flA.2l) and by fl3.35p satisfy 



'°»'^-'°»""=(a7Ta:o(J;) ('"'I^-'*' 



(A,3) 



where ?7_i G C°°(M, g' ^) is uniquely determined by [t/„i,A] = q. In fact (Ai | f/-i) is 
a nontrivial linear combination of components of q. 

Proof According to the principal gradation (12. 4p on g', we write U = f/_i + f/_2 + • • • 
with Uk G g''^. Since q takes value in the Cartan subalgebra, then [[/_i. A] = q. 

Recall 

The projection of ^i — d/dti onto g'^^ vanishes, namely. 

Thus 

(Ai I e^^-A,) = ^{A, I t/_i) + (Ai I A_i)^^^. (A.4) 



Substitute (lA.ip and (1A.2P into the left hand side, then the equality (1A.3P follows from 



integrations. The proposition is proved. D 
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Example A. 2 Let q' be an affine Lie algebra of type Al . Take a realization of q' as 
in Exampl 15. ![ and ^ = D + A + q with q = diag(— f , v). By solving the equation of 
gauge transformation 

one has g = v and 

u = -v^ + v^. (A.7) 

This is the well known Miura transformation that relates the KdV and the modified 
KdV equations. Note d/dti = d/dx. It is easy to compute 

^^log^ Ir 1 2 .A ON 

^^ = t' = -r ' (^-'^ 

-^-^ = -^h, = --{v -..) = -«, (A.9) 

where (1A.9|) is a special case of (15. lip . These two tau functions satisfy 



t; = 2a,log^, (A.IO) 

r 



which is an equivalent version of flA.2p . The distinct tau functions r and r can be 



interpreted by a general result in |i30j, see Proposition IA.4I below. 

Enriquez and Frenkel's construction of tau function f can be formally extended to 
the modified Drinfeld-Sokolov hierarchies associated to twisted affine algebras. 

Definition A. 3 For the modified Drinfeld-Sokolov hierarchy associated to an arbi- 
trary affine Lie algebra g', the function r given in (13.351) is called the homogeneous 
tau function, and the function f defined by 

in which f/_i G C°°(M, g'~^) satisfies [f/_i, A] = g, is called the principal tau function. 

A. 2 Miramontes' tau function 

Tau functions of the (generalized) modified Drinfeld-Sokolov hierarchy were also con- 
structed by Miramontes [30]. His method is based on a highest weight representation 
of the Kac-Moody group, and the resulting tau function is related to a family of 
conserved densities of the hierarchy. 
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Let us recall some statements in [30j, following closely the original notations used 
there. Given a gradation s' = (sq, s[, . . . , s^) e F on the affine Lie algebra g' (recall 
(O): 

s' = ©S;M. (A. 12) 

Similarly as before, we use notations like Q'^j^i^n = '^j<k5'j\s']^ ^^^ ^^^ ^^^ subscript 
"< k[s']" stand for the projection q' — )■ Q'^f^ig/y Assume some element A G g'^r,, 
induces the following decomposition of subspaces: 

q' = Ker adA + Im adA, Ker adA H Im adA = C c. (A. 13) 

Here Ker adA is a subalgebra consisting of elements that commute with A modulo C c; 
this subalgebra is generated by Aj G g' rg//i ( j G -Ea C Z ) such that [Aj, A_j] G Cc. 

Choose another gradation s = (so,Si, . . . , s„) :< s' of q', namely, Sj < s'^ for i = 
0,1,..., n. With the principal and homogeneous gradations of g' replaced by the 
gradations s' and s respectively, de Groot, Hollowood and Miramontes [18] defined the 



generalized Drinfeld-Sokolov hierarchies in a similar way as Definition 12.21 
In more details, let 

C = D + A + q + wc, g G C"- (M, 0[)[3] n g'^,^,,]) , (A.14) 

where the central part of q is zero, and w is an arbitrary smooth function. Similar to 
Proposition 12. H there exists a function Y G C°° i M, g'^Q r ,i j such that 

£ = e'^'^iD + A + /i*) = $(D + A + /i*)<l>-i (A.15) 

with $ = e^ and /i* G C°° f M, Ker adA H g<Q r ,, j . Moreover, the functions Y and /i* 
are supposed to be specified by the constraints (see (2.25) in [30]): 



FG0'<o[s], (/i*)>o[.]eCc. (A.16) 



Introduce operators 



d 

Cj = — + Aj, A, = ($A,<l>-^)>o[.]+«;,-c, jeEA+, (A.17) 

where Wj are some priori functions. The flows of the generalized Drinfied-Sokolov 
hierarchy are defined by the following equations 

[£,£,] = 0, JG^A+. (A.18) 

These equations imply 

$-i£,<l> = A + A. + h{j) + Wj ■ c, (A. 19) 
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where 



h{j) = $-1— - <l>-^($A,$-i)<o[s]$ e KeradAn0'<o[s 



■-J 

In [30] the hierarchy ( lA.lSp is restricted by ti = ux and £i = uC with some normal- 
ization constant u. Hence one has uh^ = h{l) + Wi ■ c. 

For every auxihary gradation m = {niQ, rrii, . . . , rrin) ^ s, there exists a derivation 
c?o in the Kac-Moody algebra q of which the derived algebra is q'. For the sake of 
simplifying notations, we redenote cIq as dm- It satisfies (see Section S]) 

[dm, Ci] = rrii ei, [d^, fi] = -rrii fi, [d^, a'^] = 0. (A. 20) 

The standard bilinear form on g' is extended to g by 

k- 
(dm I <im) = 0, {dm I a^) = T^rrii for i = 0, 1, . . . , n. (A.21) 

Note that {d^ \ c) = N^ with A^^n = Yl^=o ^« "^j- 

One can define the following conserved densities of the hierarchy (]A.18|) (see equa- 
tion (3.8) in [30]): 

J,^kH = -^{dm\mk^-\A^]), j,keE^ + . (A.22) 

Note that the freedom of $ does not change these densities. These conserved densities 
are related to a tau function Tm as (cf. equation (4.13) in [30] ) 

A/'s'^MogTffl 

Here m = {moko/kQ, . . . ,mnkn/k^), it corresponds to an integrable highest weight 
representation L(m) of g with highest weight vector |wm), and Xm is defined by an 
element of the orbit of |wm) acted by the Kac-Moody group, see § 4.1 and the appendix 
in [30j for details. 

Now let us compare the tau function in flA.23p with those in Definition IA.3I for 



the modified Drinfeld-Sokolov hierarchies. Henceforth we fix both s and s' to be the 
principal gradation. In this case E/^ = E is the set of exponents of g', and KeradA 
is the principal Heisenberg subalgebra s. Choose generators A^ normalized by 04.2ip . 
with Ai = i/A = 1/ ^^=0 ^i- ^^^ 

Cj = ^j for J G ^+, Y = U, h{l) = vH 

with U and H determined as in Proposition 13.11 Observe that both Y and /i* admit 
the constraint (lA.lOp . In our understanding, the condition (1A.16P is not fulfilled 



whenever s is the homogeneous gradation, for /i* always has a nontrivial projection to 
CA_i. That is why we only consider the modified Drinfeld-Sokolov hierarchies here. 
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Proposition A. 4 For the modified Drinfeld-Sokolov hierarchy associated to affine Lie 
algebra q' , the two tau functions in (lA.lip can be considered as particular cases of tau 
functions in (IA.23P with s = s' = s^ being the principal gradation. More precisely, the 
following equalities hold true 



logTfi 



logr, m= (1,0,...,0); 
logf, m= (1, 1,...,1). 



(A.24) 



Proof Since Ag/ is equal to tlie Coxeter number h, one recasts flA.22|) to 



Jj,kH 



h 



h 



dm I $ 



^Ak^-\C 



, A^j 



d_ 

dt: 



d 



Afc, — + Aj + h{j) +Wj-c 



$ 



-1 






(A.25) 



If the auxiliary gradation m = (1, 0, . . . , 0) is the homogeneous one, then A^ = kg. 
By virtue of 

« I a'^) = 6,0^, ($Afe$-^). = {e^"Ak)c = 0, 



the second term in (1A.25P vanishes. Hence we have 



namely, 



-Ji,kH = [Ak,h{l)l = (^^|^_^) (Afc I i^H), 



d"^ log Tm d'^ log r 



dti dtk dti dtk 



(A.26) 



(A.27) 



If m = (1, 1, . . . , 1) is the principal gradation, then Am = h. By using (Aj | A^) 
5j-k h one has 

iji,i[m] =[Ai,/i(l)]e + -^^(rfm I <^Ai$) 

(Ai \uH) 1 d ,^ . .,, , ., 



d'^ log r 19 



9^ log T 1 



d 



dti (Ai I A_i) dti 



(Ai I ?7_ 



(A.28) 



39 



This together with ([03|) and ([QD leads to 

d'^ log Tm d'^ log f 

St? " St? ■ 



(A.29) 



Therefore, the proposition follows from (1A.27P and (1A.29P in the same way as to 
show Proposition I5.2[ D 

The proof of this theorem also implies that, whenever s is the principal gradation, 
one can choose ra+1 linearly independent auxiliary gradations m ^ s, which correspond 
to ra + 1 distinct tau functions t^ of the modified Drinfeld-Sokolov hierarchy. In 
particular, suppose g' is of type A\ , then such two tau functions of the modified 
KdV hierarchy are given in Example IA.2I 

Remark A. 5 Generally, the expressions (lA.lip and (lA.24p shows that both f and Xm 
depend on the special choice of gauge slice of =Sf , hence the formulae (lA.2p or (1A.23P 
cannot be applied directly to define tau functions for Drinfeld-Sokolov hierarchies of 
KdV type. D 
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